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Abstract—Multi-soliton pulses, as special solutions of the Non-
linear Schro¨dinger Equation (NLSE), are potential candidates
for optical fiber transmission where the information is modulated
and recovered in the so-called nonlinear Fourier domain. For data
communication, the exponentially decaying tails of a multi-soliton
must be truncated. Such a windowing changes the nonlinear
Fourier spectrum of the pulse. The results of this paper are
twofold: (i) we derive the simple closed-form expressions for the
nonlinear spectrum, discrete and continuous spectrum, of a sym-
metrically truncated multi-soliton pulse from tight approximation
of the truncated tails. We numerically show the accuracy of the
closed-form expressions. (ii) We show how to find, in general,
the eigenvalues of the discrete spectrum from the continuous
spectrum. We present this method for the application in hand.
I. INTRODUCTION
Multi-Soliton pulses are special solutions of the Nonlin-
ear Schro¨dinger Equation (NLSE), the basic model for the
propagation of optical fields in the nonlinear optical fibers.
Having a predictable evolution along the fiber makes solitons
an attractive candidate for data modulation. After the advent of
coherent optical technology, the transmission capacities have
been significantly increased to a point that the Kerr nonlinear-
ity becomes the limiting factor. The need for exploiting Kerr
nonlinearity in system design attracts the attention again to
soliton pulses [1]. Moreover, the coherent technology allows
utilizing all degrees of freedom of a soliton for modulation.
A multi-soliton pulse has a simple representation in a so-
called nonlinear Fourier spectrum [2],[3]. The spectrum has
two distinct parts: Continuous spectrum and discrete spectrum.
The continuous spectrum includes the real valued frequencies
and is the counterpart of (linear) Fourier spectrum. The
discrete spectrum contains a set of isolated complex valued
frequencies, called eigenvalues, representing the solitonic com-
ponents of a pulse. A multi-soliton pulse is characterized with
its N eigenvalues with no continuous spectrum.
As a signal propagates according to the NLSE, its complex
spatial transformation in time domain can be characterized by
simple transformations of its nonlinear spectrum: the eigenval-
ues (the complex eigenvalues and the real-valued frequencies)
are preserved and the spectral amplitude of each eigenvalue
transforms independently via a simple transfer function. These
properties motivate to modulate and/or detect data over nonlin-
ear spectrum. Such modulation schemes are named Nonlinear
Frequency Division Multiplexing (NFDM) [1]. The transmis-
sion of multi-solitons has been demonstrated with different
modulation formats in various scenarios [4–14]. Similar stud-
ies have been done for modulation of continuous spectrum in
[15–20] as well as modulation of both discrete and continuous
spectrum in [21–23].
Transmitting a train of multi-soliton pulses, the discrete
spectrum of each pulse is modulated independently. Since a
multi-soliton pulse has exponentially decaying tails, the tails
must be truncated properly to avoid inter-symbol interference
and also to increase the symbol rate. However, the truncation
perturbs the modulated discrete spectrum by changing the
eigenvalues and their spectral amplitudes and it also generates
a non-zero continuous spectrum. An aggressive truncation
may also cause nonlinear interaction between adjacent pulses
during the transmission. The effect of truncation is recently
studied in [24] but no explicit expression is given and the
distorted nonlinear spectrum must be computed numerically.
In this paper, we derive simple closed-form expressions for
the nonlinear Fourier spectrum when the tails of a multi-soliton
are symmetrically truncated. Although the analysis contains
some tight approximation of the tails, the closed-form ex-
pression, for both continuous and discrete spectrum, seems to
be numerically precise (for a non-aggressive truncation). Our
analysis is generic but we present it here for symmetric multi-
solitons as the analysis and the final closed-form expression
become simpler and these soltions are of practical interest.
We further show in general how to find the eigenvalues of the
discrete spectrum from the continuous spectrum. We present
this method for the application of this paper. The rest of the
paper is organized as follows: the nonlinear Fourier spectrum
and multi-soliton pulses are introduced in Section II. The
closed-form expressions are presented in Section III but their
derivations are postponed to Section V. The analytic nonlinear
spectrum is verified numerically in Section IV and the paper
is concluded in Section VI.
II. NONLINEAR FOURIER SPECTRUM AND
MULTI-SOLITONS
The standard Nonlinear Schro¨dinger Equation (NLSE)
serves as the basic model for the pulse propagation q(t, z)
along an ideally lossless and noiseless fiber,
∂
∂z
q(t, z) + j
∂2
∂t2
q(t, z) + 2j|q(t, z)|2q(t, z) = 0. (1)
The physical pulse Q(τ, ℓ) at location ℓ along the fiber is then
described by
Q (τ, ℓ) =
√
P0 q
(
τ
T0
, ℓ
|β2|
2T 20
)
with P0 · T
2
0 =
|β2|
γ
,
where β2 < 0 is the chromatic dispersion and γ is the Kerr
nonlinearity of the fiber, and T0 determines the symbol rate. In
practice, one should include the loss term, noise of amplifiers,
higher order dispersion terms, etc. in this simple model.
A. Nonlinear Fourier Transform
The pulse propagation according to the NLSE can be char-
acterized by simple transformations in the nonlinear Fourier
spectrum. Nonlinear Fourier Transform (NFT) maps a time-
domain signal q (t, z) to its unique nonlinear spectrum by the
following so-called Zakharov-Shabat system1 [3]
∂
∂t
(
v1(t; z)
v2(t; z)
)
=
(
0 q (t, z) e+2jλt
−q∗ (t, z) e−2jλt 0
)(
v1(t; z)
v2(t; z)
)
,
(2)
with the boundary condition
lim
t→−∞
(
v1(t; z)
v2(t; z)
)
=
(
1
0
)
. (3)
The nonlinear Fourier coefficients (Jost pair) are defined as(
a (λ; z)
b (λ; z)
)
= lim
t→+∞
(
v1(t; z)
v2(t; z)
)
.
An important property of the nonlinear spectrum is its simple
linear evolution given by [3]
a (λ; z) = a (λ) ,
b (λ; z) = b (λ) exp(−4jλ2z), (4)
where we define a (λ) = a (λ; z = 0) and b (λ) = b (λ; z = 0).
The set Ω of isolated complex values, is the set of simple
roots of a(λ; z) with positive imaginary part, which are called
eigenvalues as they do not change in terms of z, i.e. λk(z) =
λk. We denote the imaginary part of λ by Im(λ). The nonlinear
spectrum is usually described by the following two parts:
(i) Continuous Part: the spectral amplitude Qc(λ; z) =
b(λ; z)/a(λ; z) for real frequencies λ ∈ R.
(ii) Discrete Part: {λk, Qd(λk; z)} where λk ∈ Ω, i.e.
a(λk; z) = 0, and Qd(λk; z) = b(λk; z)/
∂a(λ;z)
∂λ
|λ=λk
Note that there are several methods to compute the nonlinear
spectrum by numerically solving the Zakharov-Shabat system.
Some of these methods are summarized in [1, 25, 26].
Remark 1. Because of the relation of (4), we drop z in the
next equations for simplicity. To make a distinction between
the continuous spectrum and the discrete spectrum, we denote
the real frequencies by ω and the complex eigenvalues by λ.
Remark 2. It is shown in [27, P. 50, Eq. 6.23 ] that a(λ) can
be expressed in terms of b(ω), ω ∈ R and N eigenvalues of
the discrete part as
a(λ) = exp{
1
2πj
∫ +∞
−∞
ln
(
1− |b(ω)|2
)
ω − λ
dω}
N∏
k=1
λ− λk
λ− λ∗k
(5)
when Im(λ) > 0. As a result, b(ω) and {λk, b(λk)}
N
k=1
characterize the nonlinear Fourier spectrum completely.
1The Zakharov-Shabat scattering problem is usually defined differently, e.g.
[3]. This equivalent but simpler form is obtained by change of variables
B. Multi-Soliton Pulses
An N−soliton pulse is only described by the discrete part
which contains N pairs of eigenvalues and the b-coefficients,
i.e. {λk, b(λk)}
N
k=1. Accordingly,
a(λ) =
N∏
k=1
λ− λk
λ− λ∗k
. (6)
Darboux transformation (DT) is an effective algorithm to
generate a multi-soliton pulse [28]. It generates an N−soliton
q (t) recursively by adding a pair {λk, b(λk)} in each re-
cursion. It can also be used to find the Jost solution of
(2) for any λ. For instance, one can show the following
result on b(λ). Let σmin = mink Im(λk). It is known
that the tails of the corresponding multi-soliton decays like
exp(−2σmin|t|), e.g. see [29]. Therefore, b(λ) is analytic if
−σmin < Im(λ) < +σmin, see [3]. For this range of λ,
one can apply DT to find (v1(t; z), v2(t; z)) and show that
v2(t; z) = O(exp(2(jλ− σmin)t) when t→∞. Accordingly,
b(λ) = 0, if − σmin < Im(λ) < +σmin (7)
The same relation holds for b∗(λ∗), too. Now we introduce a
large and practically interesting subset of multi-soliton pulses.
Lemma 1 (Symmetric Multi-Solitons [29]). Let q(t) be an
N−soliton pulse of the discrete spectrum {λk, b(λk)}
N
k=1. Let
λk = jσk and σk > 0 (pure imaginary eigenvalues). The pulse
is symmetric, i.e. q(t) = q(−t), if and only if |b(λk)| = 1.
We discussed in [29] that the symmetric multi-soliton have
the smallest pulse duration (for the same set of eigenvalues)
which can be of practical interest.
III. NONLINEAR FOURIER SPECTRUM OF TRUNCATED
MULTI-SOLITONS
We outline the main results here and postpone their analysis
to Section V. We present the results for the symmetric multi-
solitons though the method is more general. This restriction
allows obtaining simple closed-form expressions. Thus, we
assume that q(t) is an N−soliton pulse with the discrete
spectrum {λk, b(λk)}
N
k=1 such that λk = jσk and |b(λk)| = 1.
Assume further that σ1 = mink σk and define exp(jφ) =
b(λ1)/|b(λ1)|. We define the truncated pulse as follows:
Definition 1 (Truncation of a pulse). Let qT (t) denote the
truncated pulse of q(t) defined as,
qT (t) =
{
q(t), |t| ≤ T,
0, |t| > T,
We denote the Jost coefficients of qT (t) by (aT (λ), bT (λ)), its
continuous and discrete spectrum by Q˜c(ω) and {λ˜k, b˜k}.
A. Nonlinear Spectrum: (aT (λ), bT (λ))
Now we present the following two theorems for the non-
linear spectrum of qT (t). Both theorems are obtained based
on approximation of the truncated tails. As we discuss in
Section V, the approximation is rather accurate specially when
T is large. Let define α(λ) and β(λ) for λ ∈ C as follows:
α(λ) = 1−
e−2σ1(T−t0)
e−2σ1(T−t0) + e2σ1(T−t0)
(
2jσ1
λ+ jσ1
)
(8)
β(λ) = ejφ+jNpi
(
−2jσ1
λ+ jσ1
)
e2jλT
e−2σ1(T−t0) + e2σ1(T−t0)
(9)
where σ1 = mink σk , exp(jφ) = b(λ1)/|b(λ1)|, and
t0 =
1
2σ1
N∑
k=2
ln
(
σk + σ1
σk − σ1
)
.
Theorem 1. (Continuous Spectrum) When T is large enough,
the Jost coefficients (aT (ω), bT (ω)) are well-approximated for
any ω ∈ R by
aT (ω) = a(ω)(α
∗(ω))2 − a∗(ω)(β(ω))2e−2jφ, (10)
bT (ω) = −
(
a∗(ω)α(ω)β(ω) + a(ω)α∗(ω)β∗(ω)e2jφ
)
(11)
where a(λ) and exp(jφ) are defined in (6) and (9). The con-
tinuous spectrum is accordingly obtained by Q˜c(ω) =
bT (ω)
aT (ω)
.
Now we extend Theorem 1 to λ ∈ C for which the Jost
coefficients are analytic.
Theorem 2. (Nonlinear Fourier Spectrum) Consider a strip
of λ ∈ C such that |Im(λ)| < σ1. Then, the Jost coefficients
(aT (λ), bT (λ)) are well-approximated for large enough T by
aT (λ) = a(λ)(α
∗(λ∗))2 − a∗(λ∗)(β(λ))2e−2jφ
+ α∗(λ∗)β(λ)
(
b∗(λ∗) + b(λ)e−2jφ
)
, (12)
bT (λ) = −
(
a∗(λ∗)α(λ)β(λ) + a(λ)α∗(λ∗)β∗(λ∗)e2jφ
)
+ α(λ)α∗(λ∗)b(λ)− β(λ)β∗(λ∗)b∗(λ∗)e2jφ
(13)
Note that aT (λ) and bT (λ) are entire functions as qT (t) has
a bounded support [3]. The above equations are the result
of layer-peeling algorithm and are valid for any λ. When
|Im(λ)| > σ1, some terms in (12) and (13) become unbounded
but they cancel out each other as aT (λ) and bT (λ) are analytic.
In principle, (aT (λ), bT (λ)) characterizes the entire non-
linear spectrum. The continuous spectrum Q˜c(ω) is already
given in Theorem 1. We discuss next how to find the discrete
spectrum. We present first two different methods to locate
the eigenvalues, the zeros of aT (λ). Then, we explain how
to estimate bT (λ) of each eigenvalue.
B. Finding Discrete Eigenvalues from Continuous Spectrum
It is usually much easier to numerically compute the con-
tinuous spectrum than the discrete spectrum. Equation (2) is
skew-Hermitian for λ ∈ R, while it becomes even unbounded
for λ with a large imaginary part. Here, we present how to
find the discrete eigenvalues from the continuous spectrum.
Consider an arbitrary pulse with the known Jost coefficients
(a(ω), b(ω)) for all ω ∈ R. The relation between a(λ) and
b(ω)) is given in (5). When λ = ω ∈ R, this relation changes
slightly to [27, P. 49, Eq. 6.27]
a(ω) = a[b(ω)]
N∏
k=1
ω − λk
ω − λ∗k
where the functional
a[b(ω)] =
√
1− |b(ω)|2 exp
(
j
2
H
[
ln(1− |b(ω)|2)
])
and H[·] denotes the Hilbert transform. Note that a[b(ω)] is
the a-coefficient of the non-solitonic part of the pulse. Define,
G(ω) =
a(ω)
a[b(ω)]
=
N∏
k=1
ω − λk
ω − λ∗k
. (14)
Knowing (a(ω), b(ω)), we can find G(ω) which is an all-pass
filter, |G(ω)| = 1 and its phase diagram provides the location
of eigenvalues. The first result is on the number of eigenvalues:
Corollary 3. Let θ(ω) = −j ln(G(ω)). The number of eigen-
values, N , is equal to the number of times ejθ(ω) encircles
the origin when ω traverses from −∞ to ∞. In other words,
limω→∞ θ(ω)− θ(−ω) = 2Nπ.
Theorem 1 gives (aT (ω), bT (ω)). Accordingly, we estimate
a[bT (ω)] and G(ω). Knowing N , the number of eigenval-
ues, G(ω) has 2N unknown variables which are detectable
from at least 2N distinct frequencies of G(ω). However,
(aT (ω), bT (ω)) should be known in much more frequencies
not only to compute a[bT (ω)] but also to overcome the algo-
rithmic numerical errors of (aT (ω), bT (ω)). Phase synthesis
of an N−order all pass filter is a classical signal-processing
problem, e.g. [30] and references therein. Here, we used a sub-
optimal least mean squared error based estimation method. It
gives almost the same result as the next method.
C. Zero-searching of Eigenvalues
Let λ˜k denote the eigenvalues of aT (λ), i.e. aT (λ˜k) = 0.
Assume that Im(λ˜k) ≤ Im(λ˜k+1) for all k. Define
a˜T (λ) = a(λ)(α
∗(λ∗))2 − a∗(λ∗)(β(λ))2e−2jφ (15)
and a∗(λ∗) = 1/a(λ) given in (6). The above function is
analytic for λ ∈ C+\{λk}
N
k=1. From (7), a˜T (λ) = aT (λ)
when 0 ≤ Im(λ) < σ1. Therefore, we estimate the eigenvalues
by zeros of a˜T (λ) which satisfy
a(λ)2 −
(
β(λ)e−jφ
α∗(λ∗)
)2
= 0. (16)
Using (6), (8) and (9), we find the zeros of the above
equation (a numerical zero-search) in the next section. We
will observe that the estimated eigenvalues are rather precise.
Estimation of bT (λ˜k) is more challenging. If Im(λ˜k) < σ1
(it is the case for λ˜1), b(λ˜k) = b
∗(λ˜∗k) = 0 and thus,
bT (λ˜k) ≈ −
(
a(λ˜k)
−1α(λ˜k)β(λ˜k) + a(λ˜k)α
∗(λ˜∗k)β
∗(λ˜∗k)e
2jφ
)
.
When Im(λ˜k) > σ1, b(λ˜k) and b
∗(λ˜∗k) are unknown and
can be even unbounded. Assuming that the eigenvalues after
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Fig. 1. (a) The truncated 4-soltion pulse qT (t), truncated outside t ∈ [−3.5, 3.5] (T = 3.5). The truncated tails are shown by dashed lines. The tails are
approximated by q˜L(t) and q˜R(t), shown by red dashed. The nonlinear spectrum of qT (t) is computed and compared numerically and analytically. (b) The
discrete spectrum (some points are invisible as they overlap) (c) the continuous spectrum.
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Fig. 2. The effect of truncation of 4-soliton pulses on their eigenvalues and the
continuous spectrum. We compare the analytic estimates of the eigenvalues
with the numerically averaged eigenvalues as well as the energy in continuous
spectrum from the analytic estimation with the averaged energy from the
numerical computations. All the curves overlap almost at every point.
truncation are slightly perturbed (λ˜k ≈ λk), we set b(λ˜k) ≈
b(λk) and b
∗(λ˜∗k) ≈ b
∗(λ∗k). Note that for the original multi-
soliton, b∗(λ∗k) = 1/b(λk) at its eigenvalue λk. In this case,
bT (λ˜k) ≈ α(λ˜k)α
∗(λ˜∗k)b(λk)− β(λ˜k)β
∗(λ˜∗k)e
2jφ 1
b(λk)
,
In the next section, we will show numerically that
{λ˜k, bT (λ˜k)} are estimated rather precise.
IV. NUMERICAL EVALUATION
We verified the precision of our analytic estimations nu-
merically. Consider multi-soliton pulses with 4 eigenvalues
{λ1 = 0.5j, λ2 = 1j, λ3 = 1.5j, λ4 = 2j}. Letting
b(λk) = exp(jφk), we chose each φk randomly. We generated
1000 such pulses for our comparison. Each pulse was truncated
in a window of |t| ≤ T for different values of T . After
truncation, we computed the nonlinear spectrum numerically.
To have small numerical errors, each pulse was uniformly
sampled by 10000 points. The continuous spectrum, denoted
by (anum.
T
(ω), bnum.
T
(ω)), is computed numerically using the
forward-backward algorithm [31] (forward part is enough),
which gave more precise results than Boffetta-Osborne algo-
rithm [32]. The discrete part, denoted by {λ˜num.k , b
num.
T
(λ˜k)}
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Fig. 3. Normalized mean square error (NMSE) of eigenvalues analytic
estimation in terms of truncation limit.
was computed using the forward-backward algorithm [31]:
The eigenvalues λ˜num.k were found by Newton-Raphson zero-
search method with stopping condition |aT (λ˜
num.
k )| < 10
−6.
The analytic estimates were computed according to The-
orem 1 for the continuous spectrum, denoted here by
(aanal.
T
(ω), banal.
T
(ω)), and according to Section III-C for the
discrete spectrum, denoted here by {λ˜anal.k , b
anal.
T
(λ˜k)}.
Fig. 1 shows an example of such pulses with its spectrum
after truncation. The pulse is truncated in the window of
|t| ≤ 3.5. The truncated tails are shown in dashed lines. We
observe that the analytic estimates of the nonlinear spectrum
closely follow its numerical estimates. To measure the estima-
tion precision, we compute the estimation errors averaged over
1000 randomly generated pulses. Fig. 2 illustrates the mean
value of λ˜num.k in terms of T , truncation interval. We also plot
the energy of the continuous spectrum, obtained by [3]
Eg[aT (ω)] = −
1
π
∫
ln
(
|aT (ω)|
2
)
dω
Fig. 2 shows how much the truncation perturbs the designed
eigenvalues, specially λ1, and shows the exponential growth
of energy in the continuous spectrum. We observe that the
analytic estimates match precisely with the averaged numerical
estimates. Note that for these pulses, an aggressive truncation
with T < 3.2 may cause missing of one eigenvalue and a
larger variations in the remaining 3 eigenvalues. At this limit,
our analytic estimates are not precise anymore.
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Fig. 5. L2 norm of error between analytic estimation and numerical estimation
of continuous spectrum in terms of truncation limit.
Although the mean numerical estimates are very close to
the analytic estimates, the nonlinear spectrum of each pulse
fluctuates slightly around its mean values. We compute the
normalized mean square error (NMSE) of discrete spectrum in
Fig. 3 and in Fig. 4. For the eigenvalues, the NMSE is defined
as 1
|λ2
k
|
E(|λ˜anal.k − λ˜
num.
k |
2) and for the norming coefficeint, it
is defined as E(|
banal.
T
(λ˜k)
bnum.
T
(λ˜k)
− 1|2).
Fig. 5 shows the mean accumulated error in estimation of
the continuous spectrum. The error is computed by the L2-
norms ‖ bnum.
T
(ω) − banal.
T
(ω) ‖2 and ‖ a
num.
T
(ω) − aanal.
T
(ω) ‖2
over a wide range of ω, e.g. see Fig. 1(c). Note that the average
error per sample ω is an order of magnitude smaller.
V. SKETCH OF THE PROOF OF THEOREM 2
Theorem 1 is a special case of Theorem 2 and therefore,
we prove the latter. The proof is rather general and can be
applied for any pulse and different truncation boundaries. It
results, however, simple relations for symmetric multi-solitons.
Consider a multi-soliton pulse q(t) with {λk, b(λk)}
N
k=1
such that λ1 = ω1 + jσ1 and σ1 < Im(λk). Without loss
of generality, we assume that |b(λ1)| = 1. This condition is
equivalent to translate the pulse by a constant time shift. The
pulse q(t) can be decomposed into three parts with disjoint
supports (see Fig. 1): its left tail denoted by qL(t), middle
part qT (t) and the right tail, denoted by qR(t). The proof has
the following steps:
1) Derive the Jost pair (aL(λ), bL(λ)) of the left tail qL(t).
2) Derive the Jost pair (aR(λ), bR(λ)) of the right tail qR(t).
3) Using layer-peeling method [1] to express (aT (λ), bT (λ))
in terms of Jost pairs of q(t), qL(t) and qR(t).
We showed in [29] that qL(t) and qR(t) can be approximated
q˜L(t) = −2σ1e
−jφL−2jω1tsech(2σ1(t− tL)),when t < tL
q˜R(t) = −2σ1e
−jφR−2jω1tsech(2σ1(t− tR)),when t > tR
with the parameters tR = −tL = t0 and,
φ0 =
N∑
k=2
arg
(
λ1 − λ
∗
k
λ1 − λk
)
, t0 =
1
2σ1
N∑
k=2
ln
(∣∣∣∣λ1 − λ∗kλ1 − λk
∣∣∣∣
)
φL = arg(b(λ1))− φ0, φR = arg(b(λ1)) + φ0
The approximations are practically very precise, specially
when |t| ≫ t0.
1) Finding (aL(λ), bL(λ)): Now consider q˜L(t). One can
verify that the solution of (2) is
v1(t) = 1−
e2σ1(t−tL)
e2σ1(t−tL) + e−2σ1(t−tL)
(
2jσ1
λ− ω1 + jσ1
)
v2(t) =
(
2jσ1
λ− ω1 + jσ1
)
ejφL+2jω1t
e2σ1(t−tL) + e−2σ1(t−tL)
e−2jλt
provided that Im(λ) > −σ1. Assuming T > t0, qL(t) ≈ q˜L(t)
if t ≤ −T and zero, otherwise. Therefore,
(aL(λ), bL(λ)) ≈ (v1(−T ), v2(−T )) (17)
For symmetric multi-solitons in Lemma 1, it simplifies to
(aL(λ), bL(λ)) ≈ (α(λ), β(λ)) (18)
where α(λ) and β(λ) are defined in (8) and (9).
2) Finding (aR(λ), bR(λ)): Similar to the case of q˜L(t), we
can find the Jost solution of (2) for q˜R(t). Assuming T > tR =
t0, qR(t) ≈ q˜R(t) if t ≥ T and zero, otherwise. Finally, one
can show for multi-soliton in Lemma 1 that if |Im(λ)| < σ1,
(aR(λ), bR(λ)) ≈ (α(λ), e
+2jφβ∗(λ∗)) (19)
Remark 3. Another way to conclude (19) is to find the Jost
coefficients of qR(−t) in a way similar to the ones of qL(t).
Then, (aR(λ), bR(λ)) are obtained from the fact that the Jost
coefficients of qR(−t) are (a
∗
R
(−λ∗), bR(−λ)).
3) Layer-Peeling: Since q(t) is decomposed into qL(t),
qT (t) and qR(t) with disjoint supports, the layer-peeling
method [1] relates the Jost coefficients as follows:
a(λ) = aL(λ)aT (λ)aR(λ) − bL(λ)b
∗
T
(λ∗)aR(λ)
− aL(λ)bT (λ)b
∗
R
(λ∗)− bL(λ)a
∗
T
(λ∗)b∗
R
(λ∗)
b(λ) = aL(λ)aT (λ)bR(λ) − bL(λ)b
∗
T
(λ∗)bR(λ)
+ aL(λ)bT (λ)a
∗
R
(λ∗) + bL(λ)a
∗
T
(λ∗)a∗
R
(λ∗)
We replace (18) and (19) in the above equations. Let define
a˜(λ) = α∗(λ∗)β∗(λ∗)a(λ)ejφ, b˜(λ) = b(λ)e−jφ
a˜T (λ) = α(λ)β
∗(λ∗)aT (λ)e
jφ, b˜T (λ) = bT (λ)e
−jφ
Using the above relations in the equations of a(λ) and b(λ)
and the fact that α(λ)α∗(λ∗)+β(λ)β∗(λ∗) = 1, we can derive
the four following equations resulting (12) and (13)
a˜T (λ)− a˜
∗
T
(λ∗) = a˜(λ)− a˜∗(λ∗)
a˜T (λ) + a˜
∗
T
(λ∗) = (α(λ)α∗(λ∗)− β(λ)β∗(λ∗)) (a˜(λ) + a˜∗(λ∗))
+ 2α(λ)α∗(λ∗)β(λ)β∗(λ∗)
(
b˜(λ) + b˜∗(λ∗)
)
b˜T (λ) + b˜
∗
T
(λ∗) = (α(λ)α∗(λ∗)− β(λ)β∗(λ∗))
(
b˜(λ) + b˜∗(λ∗)
)
− 2 (a˜(λ) + a˜∗(λ∗))
b˜T (λ) − b˜
∗
T
(λ∗) = b˜(λ)− b˜∗(λ∗)
VI. CONCLUSION
To increase the spectral efficiency and data rate, multi-
soliton pulses are in practice truncated before transmission
over the optical fiber. The truncation distorts slightly the
nonlinear Fourier spectrum of a multi-soliton pulse.
In this paper, we derived simple closed-form expressions for
the nonlinear Fourier spectrum when the tails of a symmetric
multi-soliton are truncated. Although the analysis has some
tight approximation of the tails, the closed-form expressions,
for both continuous spectrum and the discrete spectrum, seem
to be very precise when the truncation is not very aggressive.
We further showed how to find the eigenvalues of the
discrete spectrum from the continuous spectrum. We presented
this general method for the application of this paper.
Although we presented the results for symmetric multi-
solitons but the analysis is more general and can be extended
to any multi-soliton pulses with similar tails behaviour.
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